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Subcritical noise experiments at frequencies up to 100 kHz employing two distinct boron dilution in the
reactor tank water (286.8 and 578.6 ppm of natural boron) were performed in the IPEN/MB-01 reactor.
The Auto Power Spectral Densities (APSD) were inferred employing the IPEN/MB-01 Correlator and were
best described by a four-mode decay model up to about 70 kHz. The analyses reveal that the first two
modes were related to thermal neutron and the other two to the fast ones. The coupling between thermal
and fast neutrons was weak, and they could be considered uncoupled. A two-region two-group kinetic
model was built and for the first time important parameters, such as the subcritical reactivities, genera-
tion times, and the prompt neutron decay constants all in the core and reflector in the 286.8 ppm case
were inferred. The experiments can be considered unique of its kind and the theory/experiment compar-
isons reached good agreements.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Subcritical measurement techniques are considered an open
area in the Reactor Physics field. The techniques used to determine
subcritical reactivity can be classified into three categories: 1) Sta-
tic or quasi-static methods, 2) Dynamic methods, and 3) Neutron
noise methods. The static or quasi-static methods rely mostly on
the detector signals placed strategically around or inside of the
reactor core. The reactor system is considered at steady-state and
the detector responses, mainly counts, are collected for further
analyses. The main assumption is that detector count rates are
linked to subcritical levels, and, consequently, count rate variations
are linked to reactivity variation between two configurations. This
is the main hypothesis for the development of the Source Multipli-
cation Method (Blaise et al., 2011; Tsuji et al., 2003). This is the
simplest method to measure the subcritical reactivity from the
three categories. The dynamic method is based on the analysis of
the time response of detectors placed in the reactor after a source
neutron pulse. The technique assumes that the point kinetics can
represent the neutron population evolution over time after a neu-
tron pulse (considered as a Dirac peak). The Area method (also
referred to as the Sjöstrand method) (Sjӧstrand, 1956) allows one
to determine straightforwardly the reactivity (in units of dollar)
of a subcritical nuclear reactor with no input from theoretical cal-
culations. Examples of utilization of this technique may be found in
ref. (Mihalczo et al., 1990). The neutron noise method (de
Hoffmann, 1949; Feynman et al., 1956; Moore, 1959; 1958a;
1958b;; Orndoff, 1957; Saito, 1979; Uhrig, 1970; Williams, 1974)
is based on the macroscopic and microscopic noise acquisitions
in the reactor system. The macroscopic noise occurs when ensem-
bles of neutrons are detected, as in ionization chamber current or
the counts of a pulse mode detector. The count rate fluctuations
are transformed into spectral densities in the frequency domain
to build a Power Spectral Density distribution, where the Auto
Power Spectral Density (APSD) and the Cross Power Spectral Den-
sity (CPSD) can be obtained. The microscopic noise occurs when
neutrons are detected individually, only one neutron per bin, and
they are analyzed in the time domain. The counts acquired are dis-
tributed directly into the time channels, generating a distribution
as in the Rossi-amethod. Other subcritical reactivity measurement
techniques can be found in (Misawa and Unesaki, 2003;
Shahbunder et al., 2010).

The subcritical reactivity is closely related to the kinetic model
applicable to the system. Most of these measurement techniques
rely on the validity of the point kinetic model (i.e. the fundamental
mode approximation and a single decay mode (a-mode)), which is
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not applicable in all levels of subcriticality, experimental facilities,
or explain all kinds of anomalies found in subcritical measure-
ments (Spriggs et al., 1997). Most of the anomalies are related to
the kinetic behavior of reflected reactors. Furthermore, the utiliza-
tion of calculated factors (Gajda et al., 2013) imposes severe
restrictions and limitations on these techniques. The ICSBEP (Inter-
national Criticality Safety Benchmark Evaluation Project) hand-
book presents the state of art regarding criticality safety
benchmarks. Out of around 5000 configurations, only two of them
refer to subcritical states (Bess et al., 2017). The remainder of them
are critical configurations. The lack of benchmarked subcritical
experiments reinforces the necessity to perform more experiments
of this class that attend the requirements of the ICSBEP.

Around the world, there are approximately 245 (IAEA, 2013)
research reactors out of which a good fraction are thermal reactors.
This class of reactors has one thing in common, they are all small
size cores reflected by some light elements such as light water,
heavy water, Graphite or Beryllium. The physics involved in these
compact thermal cores considers the dynamic behavior of both
core and reflector, which can exhibit large differences between
them. Numerous theories and models have been developed for
reflected system (Avery et al., 1958; Cohn, 1962; Kobayashi,
1990; Nishina and Yamane, 1985; Shinkawa et al., 1978; Spriggs
et al., 1997; Van Dam, 1996; Wasserman, 1960; Yamane et al.,
1980). Several studies performed at the IPEN/MB-01 research reac-
tor facility indicate that its core is more appropriately described by
a two-region model as proposed by Spriggs (Spriggs et al., 1997).
Several parameters such as beff (Kuramoto et al., 2008) and subcrit-
ical reactivities (Gonnelli and dos Santos, 2016) were measured
employing the two-region model. The neutron lifetimes and sev-
eral other kinetic constants in the core and reflector play an impor-
tant role, since they will rule out the time response after some
perturbation in these systems. Particularly, the neutron lifetimes
are distinct in the core and reflector, usually, they are of the order
of tenths of microseconds in the core and fractions of milliseconds
in the reflector. The magnitude of these constants changes a lot
depending on the physics characteristics of the core and reflector
as well as they exhibit neutron energy dependency. The necessity
of new physics and mathematical models for the dynamic descrip-
tion of these thermal systems and the experimental results to serve
as benchmarks for the validation of these methods are of extreme
importance. In this context, the IPEN/MB-01 research reactor can
help because its core has been benchmarked in a lot of experi-
ments (Diniz and dos Santos, 2006; dos Santos et al., 2014; 2012;
2006b;; dos Santos and Diniz, 2014; Kuramoto et al., 2008, 2007).

The main concern of this paper is to present a new experiment
based on the utilization of the macroscopic reactor noise technique
and a new kinetic model based on a two-group and two-region
kinetic model to interpret the experiment and from that to infer
some important physical quantities related to the subcritical
reflected reactor systems. To accomplish the work, the specific pur-
poses are threefold: a) to present new experimental results for the
measurement of the APSD to frequencies up to 100 kHz, b) to
describe the main steps of a developed two-region two-group
kinetic model considering the interpretation of the measured data,
and c) to analyze the kinetics of the thermal neutrons in the reactor
system poisoned with 286.8 ppm of natural boron. Two subcritical
cases with distinct boric acid concentrations in the moderator
water tank were considered in this work. The experimental data
can be useful to infer important quantities of the reactor physics
field, such as subcritical reactivity, neutron lifetimes, generation
times, and prompt neutron decay constants in the core and reflec-
tor regions. The focus is devoted to the zero-power research reac-
tor and the utilization of the macroscopic neutron noise technique.
2

The applications of the reactor noise in a zero-power reactor are
extensive (dos Santos et al., 2006a; Kitamura et al., 1999;
Mihalczo et al., 1990; Soule et al., 1990; Suzuki, 1966). Some recent
applications of the reactor noise in research reactors were per-
formed in Japan (Sakon et al., 2014, 2013), Sweden (Szieberth
et al., 2015), and India (Kumar et al., 2016).

The experiments of high frequency performed at the IPEN/MB-
01 are unique of its kind and several important aspects of the
dynamic behavior of such compact reflected-core systems will
become evident from the analyses of the experiments (dos
Santos, 2020). Particularly, the dynamics of thermal neutrons will
come out explicitly from the new model developed in this work.
Kinetic parameters such as prompt neutron generation time,
prompt neutron decay constants, partial reactivities all in the core
and reflector are reported for the first time. A two-group and two-
region kinetic model and a special numerical approach were spe-
cially developed to infer these kinetic parameters. The experimen-
tal approach developed in this work does not require any sort of
correction factors. The procedure developed here is purely
experimental.

2. Experimental approach

The core configuration considered a short version of the IPEN/
MB-01 core in a 26 � 24 rectangular array of fuel rods. For this
experiment, the outer row of fuel rods was removed in each face
from the standard IPEN/MB-01 configuration (28 � 26), i.e., 104
fuel rods. Thus, almost all the reactivity excess was removed from
the core. The measured reactivity was equal to (10 ± 3) pcm, with
the control and the safety banks completely withdrawn. A com-
plete description of the IPEN/MB-01 core can be found else-
where (dos Santos et al., 2014).

The subcritical states were reached by diluting boric acid
(H3BO3) solutions in the moderator water. The boron concentra-
tions were (286.8 ± 10) and (578.6 ± 10) ppm (parts per million
or lg/g) of natural boron for the two experiments considered here.
The uncertainty of 10 ppm corresponds to the accuracy of the
chemical analysis equipment. The core was driven by the 241Am-
Be start-up source (~1.0 Ci) of the facility placed in the reflector.
In these experiments, each 1 ppm of natural boron in the water
was equivalent to about 23.6 pcm of negative reactivity (dos
Santos et al., 2019). This high value of specific reactivity is due to
the neutronic characteristics of the IPEN/MB-01 core which has
its pitch very close to the optimum pitch (maximum k1).

Two 3He Centronic detectors were placed 167.6 mm away from
the outermost fuel rods of the reactor and inside the detection
channels. As shown in Fig. 1, the detection channel was at the same
level as the upper surface of the bottom grid plate. Due to the high
level of subcriticality, the two most sensitive detectors available in
the IPEN/MB-01 facility were selected. The detectors had the
thermal neutron sensitivity of 202 cps/nv (s/n 8739) and
297 cps/nv (s/n 8740). They had 100 cm of sensitive height and
covered the entire active height given by the fuel rods, exceeding
it by 42.5 cm approximately.

The detectors were symmetrically located in the reflector region
to get the neutron counts for the IPEN/MB–01 Correlator. The
counts were then summed to get better statistics in the measure-
ments. The data acquisition and processing system employ the fol-
lowing procedure shown in Fig. 2.

The temperature in the fuel region was monitored by means of
a set of 12 thermocouples distributed uniformly in the active
region of the reactor core. The average temperature for the exper-
iment with 286.8 ppm of natural boron was (19.82 ± 0.37) oC and
that for the 578.6 ppm was (19.89 ± 0.09) oC.



Fig. 1. Axial view of the fuel rods and the detection channel.

Fig. 2. The APSD measurement system.

Fig. 3. Schematic View for the four processing sub-routines C/C++ to infer the
spectral densities employing pulse mode detectors.
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2.1. Description of the IPEN/MB-01 Correlator

According to Fig. 2 neutron pulses from the detectors were for-
matted and amplified by preamplifiers and amplifiers with the
shaping time set to 2 ls. Subsequently, they were discriminated
from the c-radiation through the Lower Level Discriminator of
the Single-Channel Analyzer (SCA). Negative logical pulses were
generated in the output of the single-channel (standard NIM fast
negative) with 25 ns width and �5 V of amplitude on 50 O impe-
dance. Since the subcritical level was high for the two boron
diluted cases considered here, the negative logic pulses were
summed (merged) in a logic OR (X ¼ Aþ B) employing an Input
Logic Unit. A Multichannel Scaler (MCS) board registered the time
intervals between a trigger signal and the subsequent logical
pulses. The dwell time chosen for the MCS board provided the
maximum frequency to be analyzed, and the number of channels
gave the corresponding frequency resolution. The whole system
of acquisition and signal processing is called IPEN/MB-01 Correla-
tor, and it is a program written in LabView 5.1 (Laboratory Virtual
Instrument Engineering Workbench).

The data processing is written in C/C++. Fig. 3 illustrates the
data processing. The MCS transforms the pulses from the detectors
3

into a time spectrumwhich represents the count rates in the detec-
tor. Once the detector count rates are obtained, the level DC (aver-
age count rate) is removed from these count rates. This is like an
electronic filter, however, performed by a software. Finally, the
APSD is constructed consistently to that employed in current mode
by the DSA (Agilent 35670A Dynamical Signal Analyzer) (Keysight,
2017) as:

APSD ¼
PN

i¼1FFTðCR tð ÞÞi � FFTðCR tð ÞÞi�
NB

; ð1Þ

where FFT is the Fast Fourier Transform of CR tð Þ (counts), CR tð Þ is
the count rate minus DC at time t (in units of cps), N is the number
of averages, B is the bandwidth (Hz), and the symbol (*) represents
the complex conjugate of FFTðCR tð ÞÞ.

In this work the dwell time was set at 5 ms, the bandwidth was
4.8 Hz, the number of channels, in the time domain, was set to be
62,500 (double-sided), which resulted in a resolution of 3.2 Hz in



D. Feliciano dos Santos and A. dos Santos Annals of Nuclear Energy 152 (2021) 107974
the frequency domain and a frequency domain from 9.6 Hz up to
100 kHz (single-sided spectrum).

The APSD unity arising from Eq. (1) is count2=Hz. Experimen-
tally, the IPEN/MB-01 Correlator is very similar to the one devel-
oped by Kitamura although there are some differences in the
CPSD magnitude and its unity. The APSD derived from the IPEN/
MB-01 Correlator preserves the correct units and magnitude. It
has been successfully applied in the determination of the relative
power in other subcritical experiments of the IPEN/MB-01 (dos
Santos et al., 2013).

The APSD measurements performed by the IPEN/MB-01 Corre-
lator considered 3,000 averages in each acquisition. Each acquisi-
tion took about 35 min to be completed. The average count rates
(cps) were, respectively, 923� 11ð Þ cps and 198:2� 1:1ð Þ cps for
the 286.8 and 578.6 ppm of natural boron cases. The number of
acquisitions was, respectively, 12 and 163 for the 286.8 ppm and
578.6 ppm cases. The 578.6 ppm case has more acquisitions due
to its high degree of subcriticality and lower detector counts. Each
natural boron case has an average APSD curve calculated by the
mean of the acquired individual APSDs. The uncertainty of the
average APSD is obtained by the uncertainty propagation of the
individual acquisitions, which has the uncertainty given by as
1=

ffiffiffiffi
N

p
, where N is the number of acquired count rates, named

‘‘averages”.
3. Experimental results

The experimental data was least-squares fitted employing the
CERN code ROOT version 6.14 running in a Linux platform. The fit-
ting function is given by

U xð Þ ¼ A7

x2 þx7
2 þ

A8

x2 þx8
2 þ

A9

x2 þx9
2 þ

A10

x2 þx10
2 þ C; ð2Þ

where x ¼ 2pf , being f the frequency. Each term of the Eq. (2) con-
taining a coefficient Aj and a root xj is called a mode. The j index in
the coefficients and roots started at seven, this is because there are
no contributions from the six families of neutron precursors in the
experimental data. The minimum frequency of the experimental
data is above the frequency of the shortest half-life of the six fam-
ilies of delayed neutrons (Lamarsh, 1966). Several attempts have
been made employing Eq. (2) to find the best approach to fit the
experimental data (dos Santos, 2020).

Table 1 summarizes the final findings for the 286.8 ppm of nat-
ural boron for the maximum frequency that satisfy the criteria of
having the reduced v2 as close as possible to one and the probabil-
ity of the v2 (Prob) as close as possible to 50%. The analyses were
made considering sequentially one through four modes. Particu-
larly, one mode considers just the first term of Eq. (2) and the con-
stant C. This is the classical APSD behavior predicted by the point
kinetic theory. For this case, the maximum frequency that this
model can satisfactorily fit the experimental data was 1,175 Hz,
which was well below the range of measured data. The two modes
that follow represent the reflector-core model as proposed firstly
by Cohn (Cohn, 1962) and improved by Spriggs (Spriggs et al.,
1997). The maximum frequency reached for this model was
9,650 Hz. The three-mode model also could not fit the complete
Table 1
Maximum achievable frequency versus the number of modes.

Number of Modes Maximum Frequency (Hz) Reducedv2 Prob.(%)

1 1,175 0.9956 51.36
2 9,650 0.9982 52.39
3 27,000 0.9999 50.02
4 75,800 0.9998 50.58

4

set of measured data. Only, the four-mode model satisfactorily fit-
ted the measured data. In this last case, a very important character-
istic of the least-square fit was the significative reduction of the
fitted parameter uncertainties.

The results of the least-squares fit are shown in Figs. 4 and 5 for
both cases of boron dilutions. The fit for 286.8 ppm of natural
boron went up to 75.8 kHz and for 578.6 ppm to 71.8 kHz. It can
be noted that there are two distinct sets of fitted roots (xj). Two
roots (x7, and x8) at lower frequencies and two roots (x9, and
x10) at higher frequencies. It will be shown forward that the first
two modes of the APSD given by Eq. (2) represent the effects of
thermal neutrons and the last two models those of fast neutrons.
Furthermore, the similarity of the rootsx9, andx10 values for both
boron diluted cases is very noticeable. The presence of the boric
acid does not change appreciably the neutron spectra in the fast
neutron energy range. Finally, the absolute values of the coeffi-
cients A7 and A8 are anticorrelated (A7 ffi �A8) considering their
uncertainty range inside 3r. This condition is best satisfied for
the 286.8 ppm case. This feature of the fitted data will be an impor-
tant finding to identify the first two modes as the kinetic behavior
of the thermal group. Particularly, the ratio of the A9 coefficients of
the two boron dilutions are very close to the ratio of the square of
the corresponding detector counts as it was expected to be.

Figs. 4 and 5 also show the calculated reactivities in units of dol-
lar. Here, the calculated values are from MCNP6 (Goorley et al.,
2013) in conjunction with the ENDF/B-VII.0 library. The reactivity
was considered relative to the case without boron in the water
tank. The effective delayed neutron fraction (beff ¼ 750� 5pcm)
was taken from (dos Santos et al., 2006b).

The rise shown by the APSD curves toward higher frequencies
in Figs. 4 and 5 were similar to that observed in other experiments
performed in the IPEN/MB-01 reactor. These experiments were
performed without boron with the core configuration of the paper
or the rectangular standard configuration of 28 � 26 fuel rod array.
The subcritical reactivity was reached by inserting the control
banks. The experiments employed many variations, as a variety
of detectors, some different detector positions, and different asso-
ciated instrumentation. These experiments were done to choose
and test the detectors and the instrumentation to certify that
everything was suitable for the boron poisoned reactor measure-
ments. However, during the boron experiments, the dwell time
and the number of the time channels for the two-side spectrum
were altered and that behavior at higher frequencies was observed.

The boron experiments were followed afterward employing the
best achievable electronic equipment setup. Particularly, the shap-
Fig. 4. APSD for the case of 286.8 ppm of natural boron.



Fig. 5. APSD for the case of 578.6 ppm of natural boron.
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ing time (pulse processing time) was selected to be 2 ls after sev-
eral tests. This was the shortest possible shaping time that formed
a spectrum of neutrons according to what was expected for the 3He
detectors (Knoll, 2000) used in the experiments. The ideal would
be an almost zero shaping time. A longer shaping time has the
quality of magnifying the fast modes at high frequencies. It was
always a concern if what was being acquired at high frequencies
was a physical event or something that electronic instrumentation
was producing. However, the possibility is very remote of having
an instrument that produced a noise that was measured in the
spectrum of high frequencies and in these data the modes of the
APSD function were precisely fitted. If the instrumentation pro-
duced high-frequency modes, these would have to be the same
for all measurements. However, as shown in Figs. 4 and 5, the reac-
tivity insertion with the increase of natural boron in the system
changes the amplitudes of the fast modes, according to what was
expected physically and being something that electronic instru-
mentation would not perform.

Fig. 6 shows the partial contributions of the individual modes to
the measured APSD for the cases of 286.8 ppm of natural boron.
The constant C in Eq. (2) was omitted in this figure and when it
is considered it will make the APSD positive in all points. As can
be seen, the contributions of modes 3 and 4 for frequencies below
Fig. 6. Partial contributions of the individual modes to the measured APSD.
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10 kHz are approximately constants. On the other hand, for fre-
quencies higher than around 7 kHz the contributions of modes 1
and 2 go to zero. Consequently, modes 1 and 2 dominates the mea-
sured APSD at frequencies lower than 10 kHz, and conversely
modes 3 and 4 dominates at higher frequencies. The frequency
spectrum is, somehow, proportional to the neutron energy and
the time elapsed between neutron birth and death is also implicitly
linked to that. If the fission neutron does not collide with any par-
ticles on the way to the detector, then it will arrive in a very short
time, resulting in a high frequency neutron. If the neutron collides
near the detector and is detected, then it will also be in the high
frequency spectrum. These two types of situations correspond to
the fast neutrons, but of course it depends on the cross-section
of 3He to occur an interaction that generates electrons to transform
in counts. Now as the neutron diffuses through the medium, the
time from birth to detection increases, forming the low frequency
spectrum, which is related to thermal neutrons. For these reasons,
the first two modes dominated the lower frequency and can be
identified as the thermal energy region and the remainder the fast
energy region. The breakdown between thermal and fast energy
range is not well defined but it is believed to be the limit of the
upscattering. These findings will give rise to the development of
the two-group two-region kinetic model for the interpretation of
the measured APSD.

4. The Two-Group Two-Region neutron kinetic Model

The available theoretical models (Avery et al., 1958; Cohn,
1962; Kobayashi, 1990; Nishina and Yamane, 1985; Shinkawa
et al., 1978; Spriggs et al., 1997; Van Dam, 1996; Wasserman,
1960; Yamane et al., 1980) do not explain all the findings the
experiment revealed. The developed model shown in this section
is a tentative to explain the experiment and to infer some impor-
tant properties of the physics of the IPEN/MB-01 reactor.

The experiments clearly show that there are two distinct fre-
quency ranges. It suggests that the appropriate model to describe
the high-frequency experiment performed in the IPEN/MB-01 reac-
tor is a two-group and two-region kinetic model. Due to its com-
plexity and its lengthy development, only the main steps of the
development are shown here. A complete description of this
kinetic model can be found in (dos Santos, 2020).

Consider that a reactor in a critical state is suddenly perturbed
and the physical constants of the transport equation are changed
by a specific amount, e.g., r ¼ r0 þ Dr, and a neutron source is
suddenly inserted into the system. The temperature feedback is
neglected for this transient. Consider further the traditional way
to get the time behavior of the transient, as in ref. (Bell and
Glasstone, 1970), and a two-region problem consisted of a core
and a reflector region, as shown in Fig. 7.

Here the notation is the same as that in (Bell and Glasstone,
1970). The fundamental equations governing this transient is the
neutron transport equation given by:

1
v Eð Þ

@U r;X; E; tð Þ
@t

þX � rU r;X; E; tð Þ þ r r; E; tð ÞU r;X; E; tð Þ

¼
ZZ X

x–f

rx r; E
0
; t

� �
f x r;X

0
; E

0 ! X;E; t
� �

U r;X
0
; E

0
; t

� �
dX

0
dE

0

þ
ZZ

vp Eð Þ 1� b E
0� �h i

m r; E
0� �
rf r; E

0
; t

� �
U r;X

0
; E

0
; t

� �
dX

0
dE

0

þ
X6
j¼1

kjCj r; tð Þvj Eð Þ þ Q r;X; E; tð Þ;

ð3Þ
and the delayed neutron precursor equation given by:



Fig. 7. The two-region model adopted to describe the experiment.
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@Cj r; tð Þ
@t

þ kjCj r; tð Þ ¼
ZZ

bj E
0� �
m r; E

0� �
rf r; E

0
; t

� �
U r;X

0
; E

0
; t

� �
dX

0
dE

0
:

ð4Þ
To derive the two-group two-regions kinetic model consider the

neutron transport adjoint equation at the critical state as:

�X � rUy
0 r;X; Eð Þ þ r0 r; Eð ÞUy

0 r;X; Eð Þ

¼
ZZ X

x–f

rx0 r; E0� �
fx0 r;X;E ! X0; E0� �

Uy
0 r;X0;E0� �

dX0dE0

þ m r;Eð Þrf0 r;Eð Þ
ZZ

v
�

E;E0� �
Uy

0 r;X0; E0� �
dX0dE0

; ð5Þ

where:

v
�

E; E0� � ¼ 1� b Eð Þ½ 	v�p E0� �þX6
j¼1

bj Eð Þv� j E
0� � ð6Þ

The kinetic equations will be derived in a two-group model fol-
lowing the traditional way as:

a) Initially, the direct and the adjoint transport equations are
written in the core and reflector regions.

b) In each one of these regions, the adjoint transport equation
is multiplied by the corresponding direct neutron flux and
the direct transport equation by the adjoint flux.

c) The resultant equations for each region are then subtracted,
d) The neutron flux is factored for group g and region x in an

amplitude and a shape factor as:
Ug
x r;X; E; tð Þ ¼ Ng

x tð Þwg
x r;X; E; tð Þ; ð7Þ
where Ug
x r;X; E; tð Þ, Ng

x tð Þ and wg
x r;X; E; tð Þ are respectively

the neutron flux, the amplitude and the shape factors for
group g and region x. The shape factor depends on the energy
group (thermal and fast) and the reactor region (core or
reflector). The IPEN/MB-01 is a zero-power reactor, thus
the shape factor can be considered constant over time for
the subcritical experiment considered here.

e) The set of equations is integrated over the phase space
r;X; Eð Þ, where r represents the neutron flux position, X
the neutron direction, and E the neutron energy. Here the
space integral is performed in the core and reflector regions
individually and the integral in the neutron energy is per-
formed in the thermal and fast groups, also individually.
6

The interval of the thermal group is between 0 and ET , where
ET is the maximum thermal energy, and that of the fast
group between ET and infinite.

f) The final set of equations derived consider specifically the
case of poisoning the moderator water, both in the core
and reflector, due to the insertion of boric acid in the reactor
tank water. This specific case of perturbation possesses the
special characteristic of inducing reactivity predominantly
in the thermal neutron energy range, where the boron
absorption cross-section is more effective. The reactivity
effect in the fast neutron energy range will be considered
negligible and it will not be in the coming development.

The final set of linear coupled differential equations for the
amplitude factor in each region (core and reflector) and each neu-
tron energy group (thermal and fast) is:

dNF
c

dt
¼ � bFF

eff

KF
c

NF
c �

jFc!r

KF
c

NF
c þ

jFr!c

KF
c

NF
r �

XFT
1c

KF
c

NF
c þ

FTF
1p

KF
c

NT
c þ

X6
j¼1

kjcFj þ SFc ;

ð8Þ

dNF
r

dt
¼ jFc!r

KF
r

NF
c �

jFr!c

KF
r

NF
r �

XFT
1r

KF
r

NF
r þ SFr ; ð9Þ

dcFj
dt

¼ bFF
j

KF
c

NF
c þ

bTF
j

KF
c

NT
c � kjcFj ; ð10Þ

dNT
c

dt
¼ qTT

c � bTF
eff

KT
c

NT
c �

jTc!r

KT
c

NT
c þ

jTr!c

KT
c

NT
r þ

XFT
1c

KT
c

NF
c �

FTF
1p

KT
c

NT
c ; ð11Þ

dNT
r

dt
¼ qTT

r

KT
r

NT
r þ

jTc!r

KT
r

NT
c �

jTr!c

KT
r

NT
r þ

XFT
1r

KT
r

NF
r ; ð12Þ

where the superscripts T and F refer respectively to the thermal
and fast neutron energy group, the subscripts c and r refer respec-
tively to the core and reflector region, cFj is the adjoint weighted
precursor density for family j, kj is the precursor decay constant
for family j, b is the effective delayed neutron fraction either total
or in the family j, q is the reactivity, jc!r is the neutron current from
the core to the reflector and jr!c is the neutron current in the oppo-
site direction. The superscripts FF, FT , TF, and TT represents that a
double integral is being performed inside the triple integral. XFT

represents the transfer of fast neutrons to the thermal group, FTF
1p

represents the production of prompt fast neutrons due to thermal
fissions. K is the prompt neutron generation time. The quantities
involved in Eqs. (8) through (12) are defined as follow:

KF
c 


1
Gc

Z1
ET

Z
4p

Z
c

1
v U

y
0w dVdXdE; ð13Þ

cFj 

1

KcGc

Z1
ET

Z
4p

Z
c
Uy

0v
�
jCj dVdXdE; ð14Þ

SFc 

1

KF
cGc

Z1
ET

Z
4p

Z
c
Uy

0Q dVdXdE; ð15Þ

jFc!r 

1
Gc

Z1
ET

Z
n̂�X>0

Z
c
n̂ �XUy

0w dAdXdE

�������
�������; ð16Þ
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jFr!c 

1
Gc

Z1
ET

Z
n̂�X<0

Z
c
n̂ �XUy

0w dAdXdE

�������
�������; ð17Þ

XFT
1c 


1
Gc

ZET
0

Z
4p

Z
c
Uy

0

Z1
ET

Z
4p

X
x–f

r0
x0f x0w

0dX0dE0

0
B@

1
CAdVdXdE; ð18Þ

FTF
1p 


1
Gc

Z1
ET

Z
4p

�
Z
c
Uy

0

ZET
0

Z
4p

1� b0ð Þv�pm
0r0

f0w
0dX0dE0

0
@

1
AdVdXdE; ð19Þ

bFF
eff 


1
Gc

Z1
ET

Z
4p

�
Z
c
Uy

0

Z1
ET

Z
4p

X6
j¼1

v
�
jb

0
jm

0r0
fw

0dX0dE0

0
B@

1
CAdVdXdE; ð20Þ

XFT
1r 


1
Gc

ZET
0

Z
4p

Z
r
Uy

0

Z1
ET

Z
4p

X
x–f

r0
x0f x0w

0dX0dE0

0
B@

1
CAdVdXdE; ð21Þ

KF
r 


1
Gc

Z1
ET

Z
4p

Z
r

1
v U

y
0w dVdXdE; ð22Þ

SFr 

1

KF
r Gc

Z1
ET

Z
4p

Z
r
Uy

0Q dVdXdE; ð23Þ

bTF
eff 


1
Gc

Z1
ET

Z
4p

�
Z
c
Uy

0

ZET
0

Z
4p

X6
j¼1

v
�
jb

0
jm

0r0
fw

0dX0dE0

0
@

1
AdVdXdE; ð24Þ

qTT
c ffi � 1

Gc

ZET
0

Z
4p

Z
c
Uy

0Drw dVdXdE; ð25Þ

jTc!r 

1
Gc

ZET
0

Z
n̂�X>0

Z
c
n̂ �XUy

0w dAdXdE

������
������; ð26Þ

jTr!c 

1
Gc

ZET
0

Z
n̂�X<0

Z
c
n̂ �XUy

0w dAdXdE

������
������; ð27Þ

KT
c 
 1

Gc

ZET
0

Z
4p

Z
c

1
v U

y
0w dVdXdE; ð28Þ

qTT
r ffi � 1

Gc

ZET
0

Z
4p

Z
r
Uy

0Drw dVdXdE; ð29Þ
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KT
r 
 1

Gc

ZET
0

Z
4p

Z
r

1
v U

y
0w dVdXdE; ð30Þ

and

Gc 

Z1
0

Z
4p

Z
c
Uy

0

Z1
0

Z
4p
v
�
m0r0

fw
0dX0dE0

0
@

1
AdVdXdE : ð31Þ

The single quotes (0) in the quantities of Eqs. (13) through (31)

indicates the incident neutron direction X
0
and energy E

0
and those

without single quotes indicate the quantities are relative to the
outgoing neutron direction X and energy E.

It must be noted in the set of Eqs. (8) through (12) that there
is no explicit source in the thermal neutron energy group equa-
tions. All sources involved in the experiment generate fast neu-
trons. The reactivity in the thermal group has been split into a
core (qTT

c ) and a reflector (qTT
r ) contributions. The total reactivity

induced by the addition of the boric acid in the moderator water
is a sum of these two contributions. The effective delayed neu-
tron fraction was also split into a fast (bFF

eff ) and a thermal (bFT
eff )

parts. The total effective delayed neutron fraction is a sum of
these two parts.

4.1. Reflected core equations for the thermal group

The experiment results showed that the coupling between fast
and thermal modes is weak and it is a good approximation to con-
sider the set of Eqs. (8) through (12) uncoupled. This can be accom-
plished neglecting the coupling parameters XFT

1c , X
FT
1r , and FTF

1p in Eqs.
(8), (9), (11), and (12). Due to the extensive work to be performed
both analytically and numerically only the thermal group will be
analyzed and applied in the experiment of 286.6 ppm of natural
boron in this work.

Considering these approximations, the set of thermal neutron
amplitude equations in the core and reflector regions is given by:

dNT
c

dt
¼ qTT

c � bTF
eff

KT
c

NT
c �

jTc!r

KT
c

NT
c þ

jTr!c

KT
c

NT
r ð32Þ

and

dNT
r

dt
¼ qTT

r

KT
r

NT
r þ

jTc!r

KT
r

NT
c �

jTr!c

KT
r

NT
r : ð33Þ

Following the traditional way of solving the kinetic equations,
first, it is considered a Laplace transform of Eqs. (32) and (33).
The result for the core region is:

LT
c sð Þ ¼

NT
c0K

T
c þ jTr!cK

T
r

sKT
r �qTT

r þjTr!c
NT

r0

sKT
c þ

sKT
r �qTT

rð ÞjTc!r

sKT
r �qTT

r þjTr!c
þ bTF

eff � qTT
c

: ð34Þ

where LT
c sð Þ is the Laplace transform of NT

c ðtÞ, NT
c0 and NT

r0 are the ini-
tial conditions for the core and reflector neutron amplitude,
respectively.

The core time-dependent equation associated to the thermal
amplitude factor is the inverse Laplace transform of Eq. (34) and
it is given by:

NT
c tð Þ ¼

X
j

NT
j

xj
exj t; ð35Þ

where j is either 7 or 8 to be compatible to the experimental results,
s ¼ xj are the poles of Eq. (34), and
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NT
j ¼

NT
c0 acK

T
c � br

ar

� �
KT

c þ br

xj�arð Þ2
; ð36Þ

where

ac ¼
qTT

c � bTF
eff � jTc!r

KT
c

; ð37Þ

ar ¼ qTT
r � jTr!c

KT
r

; ð38Þ

and

br ¼
jTc!rj

T
r!c

KT
r

: ð39Þ

The poles of Eq. (34) can be found by setting its denominator
equals to zero. This gives rise to the Inhour equation for the two-
group two-region thermal kinetic model as:

qTT
c ¼ xjK

T
c þ

xjK
T
r � qTT

r

� �
jTc!r

xjK
T
r � qTT

r þ jTr!c

þ bTF
eff : ð40Þ

Eq. (40) for a given thermal reactivity qTT
c and a set of parame-

ters KT
c , K

T
r qTT

r jTc!r , and jTr!c is a quadratic equation and possesses
two roots, which is designated as x7 and x8 for the consistence
to the experimental thermal roots (Fig. 4).

In the experiments, the detectors were placed in the reflector
and the APSD measurements were acquired in that region with
the consideration of the events caused in the reactor core. Thus,
the major concern here is to obtain the time-dependent equation
associated with the thermal amplitude factor in the reflector
region. This is obtained by substituting Eq. (35) into Eq. (33) and
solving the resulting equation. The final solution is written as:

NT
r tð Þ ¼ NT

r0 �
jTc!r

KT
r

X
j

NT
j

xj xj � ar
� �

" #
ear t þ jTc!r

KT
r

X
j

NT
j

xj xj � ar
� � exj t :

ð41Þ
The APSD in the reflector region is the Fourier transform of Eq.

(41) and it is found as:

NT
r xð Þ ¼

�2ar NT
r0 � jTc!r

KT
r

P
j

NT
j

xj xj�arð Þ
� 	

a2
r þx2 þ

X
j

Aj

x2
j þx2

; ð42Þ

where

Aj ¼ �2
jTc!r

KT
r

NT
j

xj � ar
� � : ð43Þ

It can be demonstrated that NT
r xð Þ possesses the following

property:

�2ar NT
r0 �

jTc!r

KT
r

X
j

NT
j

xj xj � ar
� �

" #
¼ 0 ð44Þ

and consequently,

NT
r xð Þ ¼

X8
j¼7

Aj

x2
j þx2

: ð45Þ
4.2. Additional equations arising from the thermal neutron kinetic
model

The purpose of this subsection is to show a new form of some
equations from the thermal neutron kinetic model. Whenever is
8

possible, the equations will be written as a function of the basic

parameters ac , ar , br , K
T
c , K

T
r ,qTT

c , qTT
r , jTr!c , and jTc!r as arising from

the two-group two-region kinetic model derived previously. These
equations are properties of the two-region two-group model and
they will be used in the numerical approach developed in this work
to infer the basic thermal parameters which are of interest for the
reactor physics area.

The Inhour equation given by Eq. (40) can be written in a more
convenient form employing Eqs. (37) to (39) as:

qTT
c ¼ xjK

T
c þ jTc!r �

br

xj � ar
þ bTF

eff : ð46Þ

A similar equation for the thermal reflector reactivity (qTT
r ) can

be found employing Eq. (40) as:

qTT
r ¼ xjK

T
r þ jTr!c �

KT
r

KT
c

br

xj � ac


 �
: ð47Þ

Eq. (40) gives raise to another equation for thermal reflector
reactivity given by

qTT
r ¼ xjK

T
r þ

xj � ac
� �

KT
c � jTc!r

h i
xj � ar
� �

KT
r

jTc!r

: ð48Þ

The addition of boric acid into the reactor tank water inserted a
negligible reactivity in the fast group, so the total reactivity is basi-
cally the thermal one; q ffi qTT . Accordingly, the total reactivity (q)
is defined as:

q ¼ qTT
c þ qTT

r : ð49Þ
Consequently,q can be found from the sum of Eqs. (46) and (47)

as

q ¼ xjK
T þ jTc!r þ jTr!c �

1
xj � ar

þKT
r

KT
c

1
xj � ac


 �" #
br þ bTF

eff ; ð50Þ

where KT is the prompt neutron generation time in the thermal
group and it is given by:

KT ¼ KT
c þKT

r : ð51Þ
Very useful equation for KT

c can be obtained by making
qTT

c x7ð Þ ¼ qTT
c x8ð Þ in Eq. (46):

KT
c ¼ � br

x7 � arð Þ x8 � arð Þ : ð52Þ

Eq. (46) can be rewritten in a more convenient form by employ-
ing Eq. (37) as:

x2
j � ac þ arð Þxj þ acar � br

KT
c

¼ 0; ð53Þ

which possesses the following properties:

x7 þx8 ¼ ac þ ar ð54Þ
and

x7x8 ¼ acar � br

KT
c

: ð55Þ

The roots of Eq. (53) can be found employing the Bhaskara
(Stillwell, 2004) formula as:

xj ¼ ac þ ar

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ac þ ar

2

� �2
� acar þ br

KT
c

s
; ð56Þ

where the positive signal corresponds tox7 and the negative tox8.
Another useful equation can be found by combining Eqs. (37),

(38) and (40). In this case the final equation is:
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x2
j � ac þ arð Þxj þ acar þ jTc!r

KT
c

ar � qTT
r

KT
r

 !
¼ 0; ð57Þ

whose solution is:

xj ¼ ac þ ar

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ac þ ar

2

� �2
� acar � jTc!r

KT
c

ar � qTT
r

KT
r

 !vuut : ð58Þ

Again, the positive signal corresponds to x7 and the negative to
x8.

A third version for the xj equation can be found substituting
Eqs. (37) and (38) in Eq. (58):

xj ¼ acK
T
r þ qTT

r � jTr!c

2KT
r

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
acK

T
r þ qTT

r � jTr!c

2KT
r

 !2

� ar
qTT

c � bTF
eff � jTc!r

KT
c

 !
� jTc!r

KT
c

ar � qTT
r

KT
r

 !vuut :

ð59Þ
Eq. (48) gives the following relationship for ar:

ar ¼ xj þ
xj � qTT

r

KT
r

� �
jTc!r

xj � ac
� �

KT
c � jTc!r

: ð60Þ

Eq. (44) gives the following relationship for ac:

ac ¼ br

arK
T
c

� 1
arKT

c

KT
cx7 x7�arð Þþ brx7

x7�ar
þ arKT

c

KT
cx8 x8�arð Þþ brx8

x8�ar

: ð61Þ

Considering now the APSD coefficients, it can be further demon-
strated with the use of Eq. (43) that the coefficient A7 is equal to
�A8. This is the main reason to associate the first two modes of
the fitted measured APSD to the thermal group. The ratio �A7=A8

can be obtained from Eq. (43) and it is indicated by A. This ratio
will be used in the coming section and it is given by:

A ¼ �
KT

c x8 � arð Þ þ br
x8�arð Þ

KT
c x7 � arð Þ þ br

x7�arð Þ
: ð62Þ
4.3. Thermal neutron lifetime

The neutron lifetime is the average time from the emission of a
prompt neutron in fission to the removal of the neutron by some
physical process such as escape or absorption (Spriggs and Busch,
1997; X-5 Monte Carlo Team, 2008). The definition of the neutron
lifetime is

s ¼
1
vU

y
0;w

� 
Uy

0; r � J þ rawð Þ�  ; ð63Þ

where the bracket represents the following mathematical
relationship:

hA;Bi ¼
Z

ABdVdXdE; ð64Þ

being the product of the functions A and B dependent on ðr;X; E).
Eq. (63) can be written in a more convenient form by multiply-

ing and dividing this equation by the fission term Gc tð Þ from Eq.
(31), resulting in:

s ¼
1
vU

y
0;w

� 
Uy

0c;
R R

v�0m0r0
fw

0
cdX

0dE0
D E Uy

0c;
R R

v
�0
m0r0

fw
0
cdX

0dE0
D E

Uy
0; r � J þ rawð Þ�  ; ð65Þ

where the first term in the right-hand side is the prompt neutron
generation time (K) and the second one is keff . Consequently:
9

s ¼ Kkeff : ð66Þ
In a thermal reactor such as IPEN/MB-01, the fast neutrons are

promptly thermalized; therefore the neutron lifetime is essentially
the thermal neutron lifetime (s ffi sT) (Lamarsh, 1966) and the
thermal neutrons lifetime can be written as:

sT ¼ KTkeff ; ð67Þ
where the effective multiplication factor keff is given by:

keff ¼ 1
1� q

; ð68Þ

and q is given by Eq. (49). Eq. (67) shows that for a subcritical sys-
tem the thermal lifetime must be lower than the thermal neutron
generation time.

Another way to get the lifetime is considering the amplitude of
the neutron flux as a function of time which is given by:

NT ¼ NT
0 A7ex7t þ A8ex8t
� �

; ð69Þ

where NT
0 represents the initial condition for the thermal neutron

flux amplitude (Lamarsh, 1966). Because the rootx8 is much lower
than the root x7, as the time increases, the exponential function
for x8 decay more rapidly than that for x7. Consequently, the
amplitude of the thermal neutron flux can be written approxi-
mately as:

NT ffi NT
0A7e

x7t: ð70Þ
The amplitude of the thermal neutron flux is also given by (X-5

Monte Carlo Team, 2008):

NT ¼ NT
0A7e keff�1ð Þt=sT : ð71Þ

Making Eq. (70) equal to Eq. (71), the thermal neutron lifetime
can be written as:

sT ¼ keff � 1
x7

: ð72Þ
5. Inference of the basic parameters of the Two-group Two-
Region kinetic model

The quantities measured in the experimental approach are the
four roots xj and the four coefficients Aj. The thermal neutron
energy region model developed in Section 4 considers only part
of these measured data. Namely, they are x7, x8, A7, and A8. The
unknowns in the thermal neutron energy region are ac , ar , br , K

T
c ,

KT
r ,qTT

c , qTT
r , jTr!c , and jTc!r . The number of unknowns is higher than

the number of equations which makes impossible an analytic solu-
tion. The least-squares technique also showed a severe degeneracy
among the variables making this technique useless for solving the
thermal constant unknowns. Consequently, this work developed a
special approach to cope with this task.

The approach of determining the quantities of the experiment
with 286.8 ppm of natural boron was divided into two parts using
numerical calculations with iterative algorithms. Initially, the
determination of ac , ar , br , and KT

c was obtained and subsequently

the determination of KT
r ,qTT

c , qTT
r , jTr!c , and jTc!r was carried out. The

only hypothesis made was to assume that the thermal effective
delayed neutron fraction (bTF

eff ) was independent of the subcritical
reactivity level. This parameter was estimated to be 90% of the
total beff ; i.e. the sum of the thermal and fast groups. The value
of the beff , (750 ± 5) pcm, utilized in this work was taken from a
previous benchmark available at the NEA IRPhE handbook (dos
Santos et al., 2006b). This benchmark describes the evaluation of
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beffof the IPEN/MB-01 reactor in the 28 � 26 fuel rod array config-
uration without boron in the moderator water.

5.1. The inference of ac , ar , br , and KT
c

Fig. 8 shows the procedure developed in this work for the deter-
mination of ac , ar , br , and KT

c . Basically, the procedure is a numer-
ical approach and starts by attributing tentative ranges for the
variables ac , ar , br , andKT

c . As shown in Fig. 8, inside of each specific

range the values of the variables ac , ar , br , and KT
c were varied by

loops in a stepwise way from the inferior to superior limits of
the ranges. ac was the outermost loop while br was the innermost
one. There are two sorts of unknowns in the proposed procedure:
the specific range for each one of the variables and the variables
themselves. The values attributed to ac , ar , br , and KT

c in every step
of this procedure were tested if they simultaneously satisfy several
criteria inside of a specific precision. If so, the set of ac , ar , br , and
KT

c values were considered acceptable values and were written in
the output file, otherwise, it was neglected. This procedure was
iterated until reach the superior limit of the outermost loop given
by ac . At this point, the set of acceptable values for ac , ar , br , and KT

c

was tested if they obey a normal distribution. If not the range for
the variables ac , ar , br , and KT

c were narrower and the criteria pre-
cision were increased. This procedure was repeated several times
Fig. 8. Flowchart to calculate the dis

10
until the final acceptable criterion precision attained a desirable
solution in an almost normal distribution shape.

The criteria and the precision utilized for the variables in the
last phase of the algorithm are shown as follow:

Criterion (1). Consider Eq. (46) and make qTT
c x7ð Þ ¼ qTT

c x8ð Þ.
This criterion yielded

x7K
T
c �

br

x7 � ar
¼ x8K

T
c �

br

x8 � ar
: ð73Þ

The acceptability criterion was

q�
c x7ð Þ � q�

c x8ð Þ
q�

c x7ð Þ
����

���� < 0:02; ð74Þ

where 0.02 is the relative error,

q�
c x7ð Þ ¼ x7K

T
c �

br

x7 � ar
; ð75Þ

and

q�
c x8ð Þ ¼ x8K

T
c �

br

x8 � ar
: ð76Þ

Criterion (2) The calculated anticorrelated condition Acalc as a
function the variables ac , ar , br , and KT

c was given by Eq. (62).
The experimental anticorrelated condition was
tributions for ac , ar , br , and KT
c .



Fig. 9. Final ac Histogram and its average value.

Table 2
The goodness of fit and the final values of ac , ar , br , and KT

c .

Parameter Value

Reduced v2 0.99963
Prob (%) 51.49
acðs�1Þ �5,348 ± 54

ar(s�1Þ �3,581 ± 40

brðs�1Þ 63.4 ± 1.9

KT
c (ls) 20.35 ± 0.59
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Aexp ¼ �A7

A8
; ð77Þ

utilizing the data shown in Fig. 4 yielded Aexp ¼ 0:966 and
rAexp ¼ 0:026. The acceptability criterion was

Aexp � Acalc

�� �� < 3rAexp : ð78Þ
Criterion (3) The calculated thermal core generation time

KT
c calc

� �
employed Eq. (52). The loop that attributed values for

thermal core generation time was indicated by KT
c loop. The accept-

ability criterion for this special case was

KT
c calc �KT

c loop

KT
c loop

�����
����� < 0:02: ð79Þ

Criterion 4) This criterion employed the measured root of the
Inhour equation. The Experimental value is shown in Fig. 4, where
xexp

7 ¼ �2490Hz with uncertainty rxexp
7

¼ 11Hz. Eq. (56) with the

positive signal was employed to calculate the first root. This was
designated as xcalc

7 . The acceptability criterion was

xexp
7 �xcalc

7

�� �� < 3rxexp
7
: ð80Þ

Criterion 5) It was done in a similar way to the previous crite-
rion, but with the negative signal in Eq. (56) to calculate the
xcalc

8 . The experimental value was xexp
8 ¼ �6438Hz associated with

the uncertainty rxexp
8

¼ 132, as shown in Fig. 4. The acceptability

criterion was

xexp
8 �xcalc

8

�� �� < 3rxexp
8
: ð81Þ

Criterion 6) Eq. (61) was employed to calculate acalc
c . aloop

c was
the value attributed by the loop. The acceptability criterion for this
special case was

acalc
c � aloop

c

acalc
c

�����
����� < 0:02: ð82Þ

The proposed procedure to obtain ac , ar , br , and KT
c was success-

fully implemented. Except for the br histogram, all other thermal
constants follow a normal distribution. Fig. 9 shows an example
of the final histogram for the prompt neutron decay constant in
the core (acÞ. The other thermal quantities (ar and KT

c ) showed sim-
ilar behavior. This finding makes the whole procedure valid
because the histograms do not show any specific tendency or bias.
Also, it must be noted that the average value of the distributions
corresponds to the maximum of the normal distributions.

The average values of ac , ar , br , and KT
c arising from the pro-

posed procedure were used as initial guesses in a least-squares
approach employing in the ROOT program. The fitting employed
the APSD experimental data of the 286.8 ppm of natural boron.
The most probable values (averages) were used as initial guesses
because several true values could be calculated by the fit program.
Therefore, the averages of the distributions were the best initial
guesses for the ROOT program to calculate the standard deviations
and correlation matrices of the fitted parameters. The constants Aj,
x9, and x10 of Eq. (2) were fixed, but the roots x7 and x8 were
replaced by Eq. (58). The least-squares procedure with the most
probable values of ac , ar , br , and KT

c converged in a single iteration,
thus demonstrating that the adopted procedure to infer these
parameters was successful and accurate. The final values along
with their uncertainties are given in Table 2.

The correlation matrix is shown in Table 3. According to
(Devore, 2014), the correlation will be classified as strong if the
absolute value of the correlation coefficients are greater than 0.8,
11
moderate if it lies between 0.5 and 0.8, and weak if it is lower than
0.5. It shows that ac and ar are anticorrelated with a relatively
strong correlation coefficient. Also, KT

c and br have a moderate cor-
relation coefficient. The correlation among the other variables are
classified as weak.

5.2. The inference of qTT
c , qTT

r , jTc!r , j
T
r!c , and KT

r

The quantities qTT
c , qTT

r , jTc!r , j
T
r!c , and KT

r were determined by
using a procedure similar to that described in the previous section.
The algorithm is shown in Fig. 10. The fitted values ofx7,x8, ac , ar ,

br , and KT
c (Fig. 4 and Table 2) are functions of qTT

c , qTT
r , jTc!r , j

T
r!c , and

KT
r and they were used as constraints in the calculation procedure

of this work. An additional condition employed in this section was
to get the total reactivity (q) from another experiment (dos Santos
et al., 2019). After several attempts to calculate q, it was found out
that this quantity could not be obtained from the set of equations
derived in Section 4. The value employed was

q ¼ �0:06772� 0:00146

The criteria utilized for the variables in this last phase of the
algorithm are shown below:

Criterion (1). Rootx7 could be calculated by employing Eq. (48)
as:

xcalc
7 ¼ qTT

r

KT
r

�
x7 � acð ÞKT

c � jTc!r

h i
x7 � arð Þ

jTc!r

; ð83Þ

where xcalc
7 is the calculated value of x7. Criterion (1) was



Table 3
Correlation matrix for the parameters ac , ar , br , and KT

c .

ac ar br KT
c

ac 1 �0.75676 0.20569 �0.19324
ar �0.75676 1 �0.39314 0.38230
br 0.20569 �0.39314 1 0.65473

KT
c

�0.19324 0.38230 0.65473 1
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xexp
7 �xcalc

7

�� �� < 2rxexp
7
; ð84Þ

being the experimental value xexp
7 ¼ �2490 s�1 and its uncertainty

rxexp
7

¼ 11 s�1, as given in Fig. 4.

Criterion (2) Similarly as the previous criterion, the root x8

could be calculated as:

xcalc
8 ¼ qTT

r

KT
r

�
x8 � acð ÞKT

c � jTc!r

h i
x8 � arð Þ

jTc!r

; ð85Þ

where xcalc
8 is the calculated value of x8. Criterion (2) was

xexp
8 �xcalc

8

�� �� < 0:1rxexp
8
; ð86Þ

being the experimental value xexp
8 ¼ �6438 s�1 and its uncertainty

rxexp
8

¼ 132 s�1, as given in Fig. 4.

Criterion (3) ar could be calculated with Eq. (60) and employing
xexp

7 given previously. The criterion (3) was

aexp
r � acalc

r

�� �� < raexpr
; ð87Þ

where the experimental value is aexp
r ¼ �3581 s�1 and its uncer-

tainty is raexpr
¼ 40 s�1 , as in Table 2.

Criterion (4) ar could be calculated employing Eq. (60) with
xexp

8 . Criterion (4) was

aexp
r � acalc

r

�� �� < raexpr
; ð88Þ

where the experimental value is aexp
r ¼ �3581 s�1 and its uncer-

tainty is raexpr
¼ 40 s�1, as in Table 2.

Criterion (5)ar could be calculated employing Eq. (38), obtain-
ing acalc

r . Criterion (5) was

aexp
r � acalc

r

�� �� < 2raexpr
; ð89Þ

where aexp
r and its corresponding uncertainty is given above.

Criterion (6)br could be calculated employing Eq. (39). Criterion
(6) was

bexp
r � bcalc

r

��� ��� < 2rbexpr
; ð90Þ

where the experimental value is bexp
r ¼ �63:4 s�1 and its uncer-

tainty is rbexpr
¼ 1:9 s�1, as in Table 2.

Criterion (7) The total thermal reactivity is given by Eq. (49),
resulting in the criterion (7) which was given by

qexp � qcalc

��� ��� < 2rqTT
exp
; ð91Þ

where qcalc is the calculated value, the experimental value is
qexp ¼ �0:06772 and its uncertainty is rqexp

¼ 0:00146.
Criterion (8) This criterion was

Fexp � Fcalc

�� �� < 2rFexp ; ð92Þ

where the calculated quantity was obtained from Eq. (37) and it
was given by:

Fcalc ¼ qTT
c � jTc!r: ð93Þ
12
Fexp was determined as:

Fexp ¼ acK
T
c þ bTF

eff ; ð94Þ
where, from the data of Table 2, Fexp ¼ �0:1021 and its uncertainty
is rqTT

exp
¼ 0:0035.

Criterion (9) This criterion was obtained from Eq. (40). After
some manipulations:

Gcalc ¼ qTT
c �

x7K
T
r � qTT

r

� �
jTc!r

x7K
T
r � qTT

r þ jTr!c

: ð95Þ

Gexp was given by:

Gexp ¼ x7K
T
c þ bTF

eff : ð96Þ
Criterion (9) could be written as:

Gexp � Gcalc

�� �� < 2rGexp ; ð97Þ
where Gexp ¼ �0:0439 and its uncertainty is rGexp ¼ 0:0015.

Criterion (10) Similar to the previous criterion, the calculated
unknown given by

Hcalc ¼ qTT
c �

x8K
T
r � qTT

r

� �
jTc!r

x8K
T
r � qTT

r þ jTr!c

; ð98Þ

and the experimental one by

Hexp ¼ x8K
T
c þ bTF

eff : ð99Þ
The criterion (10) is

Hexp � Hcalc

�� �� < 2rHexp ; ð100Þ
where Hexp ¼ �0:1243 and its uncertainty is rHexp ¼ 0:0047.

All histograms for the thermal constants qTT
c , qTT

r , jTc!r , j
T
r!c , and

KT
r , which simultaneously satisfied the criteria shown previously,

follow a normal distribution. Similarly to the cases of ac , ar , br ,
and KT

c , these averages values were used as initial guesses in a
least-squares approach employing the ROOT program. The con-
stants Aj, x9, and x10 of Eq. (2) were fixed again, but the roots
x7 and x8 were replaced by Eq. (59). The least-squares procedure

with the most probable values of qTT
c , qTT

r , jTc!r , j
T
r!c , and KT

r con-
verged in a single iteration, thus demonstrating that the adopted
procedure was successful and accurate. The final values along with
their uncertainties are given in Table 4.

The correlation matrix is shown in Table 5. Here, it shows that
KT

r and qTT
r are anticorrelated and their correlation coefficient is

very close to being classified as strong. The other variables show
a weak correlation (Devore, 2014).
5.3. Determination of the lifetimes

Section 4.3 shows two ways to get the thermal neutron lifetime.
Here, the numerical values of this quantity are presented along
with their uncertainty. Table 6 shows these values.



Fig. 10. Flowchart to calculate the distributions of qTT
c , qTT

r , jTc!r , j
T
r!c , and KT

r .
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Table 4
The goodness of fit and the final values of qTT

c , qTT
r , jTc!r , j

T
r!c , and KT

r .

Parameter Value

Reduced v2 0.99967
Prob (%) 51.31

qTT
c �0.05336 ± 0.00050

qTT
r �0.01556 ± 0.00055

jTc!r
0.04966 ± 0.00080

jTr!c
0.00936 ± 0.00023

KT
r lsð Þ 6.96 ± 0.14

Table 6
Experimental thermal neutron lifetime.

Lifetime Equation

sT ¼ 25:55� 0:57ð Þls (67)

sT ¼ 25:89� 0:24ð Þls (72)
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6. Theoretical results and comparison to experiments

Many of the inferred quantities reported previously are not
determined by the several reactor codes available today. The the-
ory/experiment comparisons shown are only for the quantities
qTT

c , qTT
r , q, KT and sT , and they will be done in an approximated

way. Particularly, qTT
c and qTT

r reactivity variations are assumed to
be independent of each other. The correct way of making these
comparisons is to employ equations (25) and (29) and to perform
the integrals together with the direct and adjoint fluxes. The the-
ory/experiments comparisons of the thermal prompt neutron gen-
eration time (KT ) and the thermal lifetime (sT) will also be
performed in an approximated way since the thermal energy cutoff
is not well defined in the experiments.

The theoretical analyses of the experiment were performed
employing MCNP6 (Goorley et al., 2013) in conjunction with
ENDF/B-VII.0 (Chadwick et al., 2006) and JENDL 3.3 (Shibata
et al., 2002) nuclear data libraries. The nuclear data of 235U and
238U were taken from JENDL 3.3 and the remainders from ENDF/
B-VII.0. The main reason for the utilization of JENDL 3.3 nu clear
data was its best nuclear data for the delayed neutrons, as
described in (dos Santos and Diniz, 2014).

The radial and axial geometric models follow closely the several
benchmark models of the IPEN/MB-01 reactor (dos Santos et al.,
2014, 2006b) available in the IRPhE handbook. The radial model
is based in a rectangular array of 26 � 24 fuel rods immersed in
a light water tank. The control and safety banks were considered
totally withdrawn. The major distinction here is the utilization of
boric acid in the reactor water and the separation of the core and
reflector region.

All MCNP6 cases requested a KCODE calculation employing
2� 105 histories per cycle. A total of 1000 cycles was employed
and the first 20 cycles were skipped.

Table 7 shows the calculated keff and the relative reactivity (Dq)
for the 4 cases simulated by MCNP6 for the experiment considered
in this work. The notation ‘‘Water” means that the moderator
water was not poisoned with boric acid. The notation ‘‘286.8 ppm”
means that the moderator water was poisoned with 286.8 ppm of
Table 5
Correlation matrix for the parameters qTT

c , qTT
r , jTc!r , j

T
r!c , and KT

r .

qTT
c qTT

r

qTT
c 1 �0.35012

qTT
r �0.35012 1

jTc!r
0.46867 0.34492

jTr!c
�0.35654 0.19493

KT
r

0.25923 �0.79027
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natural boron. The boron poisoning was done in both core and
reflector regions or in just one of these regions, as shown in Table 7.
The core is the region that contains the 26 � 24 fuel rods array. The
pitch of the facility is 1.50 cm and the radial size of the core is
39 � 36 cm. Its height is the height of the fuel region, which is
54.84 cm. The reflector region is all other regions that complement
the reactor model.

The reference simulation (case 1) in Table 7 is the configuration
with water in the two regions. Its measured reactivity excess was
Dq ¼ ð10� 3Þ pcm and the calculated reactivity between case 1
(reference) and keff ¼ 1 was Dq ¼ ð�83� 5Þ pcm. JENDL-3.3 library
underestimated the value of keff in approximately 100 pcm. Even
so, the calculated reactivities showed excellent estimates com-
pared to the experimental ones.

All reactivity variations DqðpcmÞ shown in Table 7 are calcu-
lated relative to case 1 (the reference case). The hypotheses of
making qTT

r and qTT
c independent of each other are made assuming

that these two quantities are, respectively, given by the reactivity
variations of cases 2 and 3. The total reactivity variation, given
by case 4, is more reliable for a comparison between theory and
experiment.

Table 8 shows the calculated generation time (K), beff , removal
time (trem), and lifetime (s). trem is the nonadjoint lifetime and s is
the adjoint lifetime calculated by Eq. (67). The simulations consid-
ered the total energy spectrum, indicated by ‘‘Total”, and a cutoff
that eliminated the neutrons below 1 eV (E > 1eV), producing
quantities related to fast neutrons. Cases 1 and 4 show that beff

in the total neutron energy change little with decreasing reactivity,
as assumed in the first hypothesis mentioned before. The thermal
generation time KTand the thermal lifetime sT can be found sub-
tracting the corresponding results of case 4 in the ‘‘Total” case
and in the ‘‘cutoff” case.

The comparisons between generation times and lifetimes were
restricted to the values for the whole reactor systems. Table 9 pre-
sents the calculated-to-measured comparison. The experimental sT

is the average of the two values of Table 6. Except for qTT
r , all other

calculated quantities showed good agreements inside 3r range of
the total uncertainty. The great difference in qTT

r might be credited
to the way that this reactivity was calculated. The MCNP6 models
for the determination of qTT

c and qTT
r assume their independence of

each other. This hypothesis might be more restrictive for the qTT
r

determination than that for qTT
c .
jTc!r jTr!c KT
r

0.46867 �0.35654 0.25923
0.34492 0.19493 �0.79027

1 0.35816 �0.2526

0.35816 1 0.25832

�0.2526 0.25832 1



Table 7
keff and Dq for the MCNP6 simulations.

Case Core Reflector kef f DqðpcmÞ
1 Water Water 0:99917� 0:00005 Reference
2 Water 286.8 ppm 0:98702� 0:00005 �1232� 7
3 286.8 ppm Water 0:94755� 0:00005 �5452� 7
4 286.8 ppm 286.8 ppm 0:93636� 0:00005 �6713� 8

Table 8
K, beff , trem , and s for the MCNP6 simulations.

Case Energy K lsð Þ bef f pcmð Þ trem lsð Þ s lsð Þ
1 Total 31:637� 0:036 762� 7 64.7 31:611� 0:036
4 Total 29:203� 0:030 760� 7 47.7 27:345� 0:028
4 E > 1eV 3:362� 0:007 758� 11 0.822 0:4254� 0:009

Table 9
Theory/Experiment comparisons.

Quantity Experimental (E) Calculated (C) C=E� 1

qTT
c pcmð Þ �5336� 50 �5452� 7 2:2� 1;0ð Þ%

qTT
r pcmð Þ �1556� 55 �1232� 7 20:8� 2:8ð Þ%
q pcmð Þ �6892� 61 �6713� 8 2:6� 1:1ð Þ%
KT lsð Þ 27:31� 0:61 25:841� 0:031 5:4� 2:1ð Þ%
sT lsð Þ 25:72� 0:62 26:919� 0:028 4:7� 2:5ð Þ%
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7. Conclusions

The subcritical experiment for the APSD measurements at fre-
quencies up to 100 kHz has been successfully performed at the
IPEN/MB-01 reactor. The experiment was very challenging because
it required a long acquisition time and it was very sensitive to the
electronic setup. The analyses revealed that the APSD modes occur
in pairs and, the higher the frequency, the more pairs of modes
could be solved. The APSD measurement data reached the best sta-
tistical qualities of a good fit in a four-mode model. If the measure-
ments went beyond 100 kHz, it would be possible to fit more pairs
of modes. In the four-mode fit, it was demonstrated that there
were two distinct frequencies regions, as exposed in the individual
modes of the case of 286.8 ppm of natural boron shown in Fig. 6.
The first two modes dominated the lower frequency region, while
the last two dominated the higher one. The physical interpretation
was that the first two modes corresponded to the thermal neutron
group and the last two to the fast neutron group. The coupling of
these pairs of modes was weak, therefore, they could be considered
uncoupled in the theoretical model.

The recent neutron kinetic models (Dulla et al., 2006; Gandini,
2004; 2001;; Sugawara et al., 2012) and even the two-region
kinetic model of Spriggs (Spriggs et al., 1997) could not explain
the experimental data. For this reason, a theoretical two-group
two-region kinetic model was developed starting from the neutron
transport equations and considering the interpretation of the mea-
surements. In this model, the thermal group was completely solved
and employed for the inference of several parameters of interest in
the reactor physics area. Only the case of 286.8 ppm of natural
boron was analyzed and the subcritical reactivities qTT

c , qTT
r , and

q, the neutron generation times KT
c , K

T
r , and KT , the lifetime sT ,

ac , and ar could be inferred from the experimental data in a high

degree of accuracy. During the process, the quantities br , j
T
c!r , and

jTr!c were also obtained.
The theory-to-experiment comparison was performed only for

the case of 286.8 ppm of natural boron and employed MCNP6 in
conjunction with ENDF/B-VII.0 and JENDL 3.3 nuclear data
15
libraries. The comparison reveals that the values of qTT
c , q, KT ,

and sT agreed within 3r, but qTT
r shows some discrepancy.

In general, the experimental data are of excellent quality and
suitable for an international benchmark, since the entire experi-
mental procedure was carefully performed, as described in the ref-
erence (dos Santos, 2020). Several important thermal constants for
the kinetic behavior of the IPEN/MB-01 reactor such as the prompt
neutron decay constant (ac and ar), the partial reactivity (qTT

c and

qTT
r ), and the prompt neutron generation time (KT

c . and KT
r ) all in

the core and reflector were experimentally determined for the first
time. The data can be useful for the validation of neutron cross-
section libraries employed in the simulation programs.
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